We combine the theories of scattering for linearized water waves and flexural waves in thin plates to achieve control and characterization of water waves by floating plates. This requires manipulating a sixth-order partial differential equation
Introduction
In the last decades, there has been a growing interest in studying the scattering of various kinds of waves from random media [1] - [2] . This has led to research advances, including for instance, the creation of acoustic and elastic metamaterials and metasurfaces, i.e. artificially engineered structures, tailored to have specific scattering properties [3] [4] [5] [6] [7] [8] [9] [10] [11] . The scattering cancellation technique is another field of study directly related to scattering analysis, and it consists in coating objects with shells of opposite dipole moment to cancel their scattering signal in the quasistatic limit [12] [13] [14] . All these fields were generalized to encompass various kinds of waves [2] . The practical importance of designing offshore floating structures and buildings, such as airports or oil plants, triggered the interest in characterizing water wave's propagation and its effects on these structures, which can be modeled as thin plates, obeying the biharmonic equation [15] . We propose a scattering theory for water wave's interaction with floating bodies [16] [17] [18] [19] [20] [21] [22] [23] . This can have interesting applications for protection of harbors or offshore platforms. Moreover, the present study is motivated by earlier work on control of water waves, such as lensing [24] and cloaking [2] with structures clamped to the waterbed, which could be transposed to analogous floating structures.
In this work, a governing equation with sixth order derivatives is proposed with appropriate boundary conditions, as a mathematical model for the scattering of linearized water waves. It is derived from the combined Navier-Stokes and plate theories [25] [26] [27] [28] [29] [30] [31] [32] and is used in characterizing scattering of objects, on floating plate that operates in shallow water as schematized in Fig. 1(a) . We then analyze the scattering response of the floating platonic structure shown in Fig. 1(b) , consisting of a cylindrical disc in a thin plate, in the presence of a water wave excitation (timeharmonic vibration of the liquid free surface in the vertical ). It is assumed that the out-of-plane dimension (the x-z plane in Fig. 1(a) ) of the floating plate is negligible compared to its in-plane dimensions (the x-y plane in Fig. 1(a) ) [25] . We show that in the quasistatic limit, i.e. for 01 1 r  , where 0  is the bending wavenumber (in units of m -1 ) and 1 r is the size of the scatterer (in units of m), the scattering is dominated by the zeroth scattering order, unlike in the electrodynamics case where the first significant order is the dipolar one. This is not the only marked difference between the two scenarios: the sixth order gravity-flexural partial differential equation, which typically describes the propagation of bending waves in ultra-thin plates floating atop uncompressible fluids, is not equivalent to the vector/scalar wave equations that describe electromagnetic or acoustic wave propagation. Consequently, in view of Ref. [33] , one can anticipate new types of Mie resonant modes and different wave physics is at stake.
The paper is organized as follows: Following this introductory section, we formulate the problem in Section 2. We look for solutions in terms of some multipole expansions in Section 3. We derive some asymptotic and numerical solutions to the scattering problem in Section 4. We analyze the possibility of scattering cancellation in the context of gravity-flexural waves in Section 5. We finally give some concluding remarks in Section 6.
Formulation of the Problem z -direction (a) Set up of the gravity-flexural scattering problem
For the sake of convenience, we start with Cartesian coordinates (x,y,z), with z the vertical component (See Fig. 1(a) ) and a time variable 0 t  . We consider a system of partial differential equations (PDEs) derived from the Navier-Stokes and plate equations for a velocity field 1 2 3 ( , , , ) ( , , ) x y z t u u u  u and a liquid surface elevation  (x,y,t) i.e. the vertical displacement:
with  the density of the fluid (assumed to be incompressible and irrotational, as well as shallow), p is the pressure exerted from the elastic plate on the water free surface, and g the acceleration due to gravity on Earth. The parameters in the plate region ( These parameters are related through the shallow water equations, 1 0, for 0,1,
where the elevation in region 0 is the sum of an incident plane wave The fluid pressure is zero at the region 0 and thus from the linear Bernoulli equation, one gets [16, 25] 0 0
1
. gt
At the thin plate's free surface, the elevation is given by
where p is the pressure exerted by the thin plate on the free surface. It is deduced from the dynamic condition [25]
with M the mass of the plate per unit area and
is the flexural rigidity of the plate,  its thickness, E its Young modulus and  its
Poisson's ratio.
Let us use the projection of the Navier-Stokes equation on the horizontal (xy)-plane, keeping only the linear part, using Eqs. (2)- (5), we obtain the sixth order PDE: We therefore have to deal with the following simplified equation: 
.
In the case of isotropic and uniform physical parameters, Eq. (9) simplifies to
with the gravity-flexural wavenumber 
is the normal component of the bending momentum, and
is the normal component of the generalized Kirchhoff stress. If one considers the more straightforward case of a single cylindrical plate surrounded by water, one needs only four continuity equations, namely, the continuity of  ( 
Multipole expansions
An object of radius 1 r is located atop an incompressible liquid (water in this study). 
where we note , respectively, the modified Bessel functions of order n. Using all these assumptions, the field inside the thin-plate region is given by
whereas the scattered elevation field (i.e. in region 0), by taking into account Eq.
(12) is given by,
Here, (1) 
with the dimensionless parameter 
whereas o(.) represents the Landau notations [25] . It can be seen that A1 and A2 are of same order, and that
. Also 01 / gD  relates the water wavenumber k0 and gravity-flexural wavenumber 1  through the relation
, meaning that it has the unit of a length to the power -4, and thus
The behavior of these first few order scattering coefficients is given versus the Poisson ratio of the thin plate in Fig. 3(a) and versus its Young modulus in Fig. 3(b) for a given wavenumber 01 0.1 kr . . Then, by verifying the convergence of the scattering cross-section, we plot it versus the normalized wavenumber in Fig. 4(a) , where it can be seen that multiple Mie resonances occur across the considered spectral region. The inset in Fig. 4(a) gives a magnified view to show the ripple in sca  .
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This plot is given for a moderate value of the thickness of the plate, i.e. 1 m,   compared with the water wave wavelength. In this case for small wavenumbers, the quasistatic limit applies and the scattering coefficients follow Eqs. (24)- (27) .
(b) Numerics at finite frequency
However, for very small thickness on the order of millimeter, this limit does not apply anymore, since one has 01 1 kr , but 1 1 r   . The SCS is given for this scenario in Figs. 4(b)-(c) , where the latter is a magnified view of the former. These plots show a completely different behavior, whereby one observes scattering maxima, for small wavenumbers, and these scattering resonances are dominant, compared to the classical higher frequency Mie resonance [34] . In Fig. 4(c) we can see that these resonances are ultra-narrowband and of Fano line-shape.
We further note that the smaller the thickness of the plate, the higher the zero- It should be mentioned too that for very small thickness (red curve in Fig. 4(c) ) for some modes, the maximum is preceded by a minimum, where the SCS goes to zero, which is again reminiscent of Fano resonances. This also shows that the cylindrical plate becomes nearly invisible for some frequencies without coating. The analysis of cloaking and scattering cancellation for such waves will be analyzed in further works.
On cloaking and scattering cancellation of gravity-flexural waves
Let us now consider coating the object as can be seen in Fig. 5(a) . An object of radius 1 r is thus coated with a shell of outer radius 2 r , and both float atop an incompressible liquid (water in this study). . n  Using all these assumptions, the field inside region 1 is given by
In region 2, i.e. inside the cloaking shell, one has
whereas the scattered velocity potential field (i.e. in region 0) is given by
Thus, one has
To solve for the 10 coefficients in the above equations, continuity relations (defined in the previous section) are used at the boundary at This yields a matrix system of equations in the unknown coefficients (the total size of the system is 10 10  , owing to the sixth order governing equation).
Generally speaking, the possibility for an observer to detect the object in the farfield is determined by the value of sca  given in Eq. (19) . 
The leading coefficients describing the scattering from the system are An. In order to obtain their expressions, one needs to use the Cramer's rule, i.e. If we consider very small scatterers, i.e., objects satisfying the quasistatic condition (33) is a constant. Thus, it can be seen that irrespective of the physical parameters of the coating shell, A0 can in no way be cancelled, and thus scattering cancellation in this context is not possible, by any mean. For very small frequencies, the denominator in Eq. (33) tends to infinity, but in logarithmic manner. However, if we normalize with the wavenumber, as can be seen in Eq. (19) , one can see that the scattering becomes singular as seen in Fig. 5(b) , which is similar to the case of 20 clamped biharmonic obstacles [27] . This is interesting for potential applications in protection against long wavelength ocean waves as this indicates some zero frequency stop bands could be achieved for water waves propagating through an array of periodically distributed floating objects.
Concluding Remarks
In this work, we analyzed in detail the scattering of gravity-flexural waves that propagate when an elastic thin plate lies atop a liquid incompressible surface (water for instance). These waves obey a sixth order partial differential equation, markedly different from the classical Helmholtz equation. Scattering from a single cylindrical objects was first investigated and low-frequency Mie resonances were shown to exist. Additionally, by coating the cylindrical object, scattering cancellation was shown to be impossible to realize, irrespective of the physical parameters of the shell, which is a paradigm shift compared with scattering cancellation for other types of waves. This unusual behavior can be understood, since the incident wave (gravity wave) is different from the waves that propagate inside the plate (gravityflexural waves). Further studies are undergoing to investigate the scenario of a core shell structure with a gravity-flexural wave incident on it.
Motivated by the search for zero frequency stop band structures in different wave systems, such as the recently achieved seismic shields in sedimentary soils structured by arrays of clamped columns to a bedrock [35] , we would like to now build upon the present work to analyse Floquet-Bloch waves propagating within a doubly periodic array of floating plates. To do this, we make use of the Rayleigh 21 method developed previously for fourth-order partial differential equations governing propagation of flexural waves in thin plates [36] . The Rayleigh method is also well suited for our sixth-order partial differential equation for gravityflexural waves. We believe that our work opens unprecedented avenues in the control of water waves making use of floating metamaterial structures.
